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Mathematical Statistics 
- Additional Parameters



Confidence interval for fraction (structure index)
➢ Model: The general population has a binomial distribution with parameter 𝑝, i.e., the elements

of the population are divided into two classes, where the fraction of distinguished elements in 

the population is 𝑝, which is not a small fraction (𝑝 > 0.05). A large number 𝑛 of elements were

randomly sampled from the population (𝑛 > 100).

➢ Confidence interval for the structure index 𝑝 of the general population:
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Where:

𝑚 — number of distinguished elements found in the sample,

𝑛 — size of the independently drawn sample,

𝑢𝛼 — value of the random variable 𝑈 which has a standard normal distribution, read from tables

for the value 1 −
𝛼
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Example 5.1-5.2

5.1. We want to estimate what percentage of working people living in Gdańsk work

remotely from home. To this end, an independent random sample of 𝑛 = 900 people

was taken. Based on the study, it was determined that in this sample there are 𝑚 =
300 people who work remotely from home. Assuming a confidence coefficient equal

to 1 − 𝛼 = 0.95, construct a confidence interval for the percentage of the studied

category of people working in Gdańsk.

5.2. Among students of the Medical Academy, an independent random sample of 150

students was drawn and asked whether they smoke cigarettes. 114 students replied

that they do not smoke. Estimate, using the interval method, the percentage of non-

smoking students at this university, assuming a confidence coefficient of 0.90.



Interval estimation for variance 
and standard deviation

Model I Model II



Confidence interval for variance

➢ Model I – The general population has a normal distribution 𝑁 𝑚 𝜎 with 

unknown parameters 𝑚 and 𝜎. An independently drawn sample of small 

size 𝑛 (less than 30) is taken from the population. From the sample, the 

value 𝑠2 is calculated. Then, the confidence interval for the variance 𝜎2 of 

the general population is:

Where:

𝑐1, 𝑐2 – values of the 𝜒2 variable determined from the 𝜒2 distribution table

for 𝑛 − 1 degrees of freedom and confidence coefficient 1 − 𝛼.
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translation:
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found for 1 −
𝛼
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Confidence interval for variance
➢ Model II – The general population has a normal distribution 𝑁 𝑚 𝜎 or is

approximately normal with unknown parameters 𝑚 and 𝜎 . From the

population, a large independent sample of 𝑛 elements (at least several

dozen) is drawn. From the sample, the value 𝑠 = 𝑠2 is calculated. Then, an

approximate confidence interval for the standard deviation 𝜎 of the general

population is:

Where:

𝑢𝛼 – value of the random variable 𝑈 having a standard normal distribution, 

read from tables for the value 1 −
𝛼
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Examples 5.3-5.5

5.3. In a study of the durability of a certain material, 𝑛 = 4 independent measurements of

durability were carried out and the following results were obtained: 120, 102, 135, 115.

A confidence interval for the variance 𝜎2 of the durability of this material should be

constructed, assuming a confidence coefficient of 1 − 𝛼 = 0.96.

5.4. In survey research, the monthly food expenses of Gdańsk households were examined.

A sample of 632 households was drawn, among which the average monthly food expenses

amounted to 1570 PLN, and the standard deviation of these expenditures was 224 PLN.

Assuming a confidence coefficient of 0.90, construct a confidence interval for the standard

deviation 𝜎 of food expenses of households in Gdańsk.

5.5. To estimate the accuracy of a certain measuring instrument, 5 independent

measurements of the length of a certain segment were made, and the following results

(in mm) were obtained: 15.15; 15.20; 15.04; 15.14; 15.22. Assuming a confidence coefficient

of 0.98, construct a confidence interval for the unknown variance of measurements with this

instrument.



https://www.youtube.com/watch?v=bLd0W2WnWqAhttps://www.youtube.com/watch?v=bLd0W2WnWqA



Independent tasks
1. Seven independent measurements of the initial velocity of a bullet fired from a certain

gun were made, and the following results were obtained (in m/s): 605.4, 604.6, 605.4,

605.2, 607.0, 603.8, 603.3. Assuming a confidence coefficient of 0.98, estimate the

standard deviation of the initial velocity of a bullet fired from this gun using the interval

method.

2. In order to estimate the variation in the unit production cost of a certain article

manufactured by different plants, a sample of 𝑛 = 80 production plants was

independently drawn, and the following results were obtained for the cost study (in

PLN):
Unit Cost Number of Plants

20 – 40 10

40 – 60 16

60 – 80 24

80 – 100 18

100 – 120 12

Assuming a confidence coefficient of 0.95, estimate by interval method the standard

deviation of the unit production cost of this article.



Determining sample size

Model I Model II Model III



Determining sample size

Model I – The general population has a normal distribution 𝑁 𝑚 𝜎 or is

approximately normal. The population variance 𝜎2 is known. We want to estimate the

unknown mean value 𝑚 of the population based on a sample of 𝑛 independent

measurements. If we require that, for a given confidence coefficient 1 − 𝛼 , the

maximum error in estimating the mean 𝑚 (i.e., half the length of the confidence

interval) does not exceed a predefined value 𝑑, the sample size is determined by the

following formula:

𝑛 =
𝑢𝛼
2𝜎2

𝑑2

Where:

𝑢𝛼 – value of the random variable 𝑈 with a standard normal distribution, read from

tables for the value 1 −
𝛼

2

𝑑 – allowable, predefined maximum error of estimating the mean 𝑚



Determining sample size
Model II – The general population has a normal distribution 𝑁 𝑚 𝜎 .

The population variance 𝜎2 is unknown, but the value of the sample

statistic 𝑠2 obtained from a small sample of 𝑛0 elements is known. We want to

estimate the unknown mean value 𝑚 of the population based on a sample

of 𝑛 independent measurements. If we require that, with a given confidence

coefficient 1 − 𝛼, the maximum error in estimating the mean 𝑚 (i.e., half the

length of the confidence interval) does not exceed a predefined value 𝑑,

the sample size is determined by the following formula:

𝑛 =
𝑡𝛼
2𝑠2

𝑑2

Where:

𝑡𝛼 – the value of Student's 𝑡 variable read from the tables for the given 𝛼 and

𝑟 = 𝑛 − 1 degrees of freedom



Determining sample size

Model III: The general population has a binomial distribution with

parameter 𝑝, i.e., the population elements are divided into two classes, with

the fraction of distinguished elements in the population being 𝑝 . The

parameter 𝑝 should be estimated using the interval method so that, with

confidence coefficient 1 − 𝛼, the maximum estimation error for the structure

index 𝑝 does not exceed a predetermined value 𝑑.

➢ If the expected order of magnitude of the estimated fraction 𝑝 is known:

𝑛 =
𝑢𝛼
2𝑝 1 − 𝑝

𝑑2

➢ If the order of magnitude of the estimated structure index 𝑝 is not known:

𝑛 =
𝑢𝛼
2

4𝑑2



https://www.youtube.com/watch?v=3ReWri_jh3Mhttps://www.youtube.com/watch?v=3ReWri_jh3M



Example 6.1

Determine how many independent observations should be included in a sample so that, 

based on it, the average time for a worker to perform a certain technical operation can be 

estimated with a maximum error of 20 seconds, assuming a confidence coefficient of 

0.95. It is known that the time required to perform this technical operation follows a 

normal distribution 𝑁 𝑚 40 .

Example 6.2

We want to estimate the average mass of a certain chemical substance. How many

independent experiments should be conducted so that, with a confidence coefficient of 

0.95, the average mass can be estimated by the interval method with a maximum error of 

0.01 grams, if the variance of a preliminary sample of 5 independent experiments was 𝑠2

= 0.0006?

Example 6.3

Determine how many students from a given university should be independently sampled

in order to estimate the percentage of students commuting to the university by public 

transport with a maximum error of 5%, assuming a confidence coefficient of 0.90. It is

assumed that the estimated percentage of students commuting by public transport is

around 70%.



Example 6.4

How many inhabitants of a certain city should be drawn independently into the sample

in order to estimate the percentage of this city's inhabitants suffering from rheumatic

diseases, if in estimating this percentage, which is of the order of 20%, we do not want

to be mistaken by more than 5%? Assume a confidence coefficient of 0.95.

Example 6.5

How many cows of a certain breed should be independently selected from the sample

in order to estimate the average daily milk yield of a cow of this breed with a maximum

error of 0.5 l, if it is known that the standard deviation of the daily milk yield of cows of

this breed is 2.5 l and the confidence coefficient is assumed to be 0.95?



Additional tasks with solutions

Task 1

The variation in the time needed to bind a book in a bookbinding shop was studied.

Twenty orders were randomly selected and it was found that the average time

needed to bind a book was 5 hours, with a variance of four hours. We assume that

the distribution of the time needed for correction is a normal distribution.

What result was obtained if the confidence coefficient was assumed to be 1 – α =

0.90?



Solution

Small sample

Chi-squared distribution quantiles



Solution



Task 2

48 wheat grains were selected and their protein content (in percent) was

tested. The mean was 16.8[%] and the standard deviation was 2.1[%]. Find

the 98% confidence interval for the variance of the protein content in wheat

grains of the entire batch.



Solution

Large sample



Solution



Task 3

In a certain clinic, among a randomly selected 980 people who underwent X-

rays, pathological changes were found in 100 people. Determine the 95%

confidence interval for the fraction of sick people among all the people

served by this clinic.



Solution

X = 100, n = 980, 1 − 𝛼 = 0.95
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Φ 𝑢𝛼 = 1 −
𝛼

2
= 1 − 0.025 = 0.975 𝑢0.975 = 1.96

0.102 − 0.019 < 𝑝 < 0.102 + 0.019

0.083 < 𝑝 < 0.121

From 8.3% to 12.1% of the patients at this clinic are sick — with a probability

of 0.95.
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