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Chi-squared goodness-of-fit test

Model: From a population, a large independent sample is drawn, and the results are
divided into 𝑟 mutually exclusive classes with sizes 𝑛𝑖 in each class, such that 𝑛 = σ𝑛𝑖 .
In this way, an empirical distribution is obtained. Based on the results of this sample, the
hypothesis 𝐻0 should be tested, stating that the general population has a hypothetical
distribution of a given type.
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Where:

•𝑛𝑖 — empirical frequency of class 𝑖

•𝑛𝑝𝑖 — theoretical (hypothetical) frequency of class 𝑖

•𝑝𝑖 — probability that a random variable with the given hypothetical distribution takes
values belonging to class 𝑖



Chi-squared goodness-of-fit test

➢ The statistic 𝜒2 under the assumption that 𝐻0 is true has an asymptotic 𝜒2 distribution
with 𝑟 − 𝑘 − 1 degrees of freedom.

➢ The critical region is constructed as the right tail based on the 𝜒2 distribution.

➢ The computed value of the statistic 𝜒2 is compared to the critical value 𝜒𝛼
2 read from 

tables:

▪ If 𝜒2 ≥ 𝜒𝛼
2 ,𝐻0 should be rejected.

▪ If 𝜒2 < 𝜒𝛼
2 ,there are no grounds to reject 𝐻0.



Example

Expenses Number of families

1.0 - 1.4 15

1.4 - 1.8 45

1.8 - 2.2 70

2.2 - 2.6 50

2.6 - 3.0 20

A random sample 𝑛 = 200 of independent observations of monthly food expenditures among
families in Gdańsk produced the following distribution of these expenditures (in thousands of
PLN):

At the significance level 𝛼 = 0.05, verify the hypothesis that the distribution of food expenditures
is normal.



Kolmogorov λ goodness-of-fit test
Model: The general population has a continuous distribution with cumulative distribution function 𝐹 𝑥 .
A population sample of 𝑛 elements (at least several dozen) is randomly and independently drawn. Based
on the results of this sample, the hypothesis 𝐻0: 𝐹 𝑥 = 𝐹0 𝑥 ,where 𝐹0 𝑥 is the hypothetical cumulative
distribution function, should be tested.

➢ Sort the sample results in ascending order or group them into intervals with right endpoints 𝑥𝑗
and sizes 𝑛𝑗.

➢ For each 𝑥𝑗 ,determine the empirical cumulative distribution function 𝐹𝑛 𝑥𝑘 =
𝑛𝑠𝑘

𝑛
( 𝑛𝑠𝑘

is the cumulative frequency from the start up to 𝑥𝑘 :𝑛𝑠𝑘 =෍
𝑗≤𝑘

𝑛𝑗 ).

➢ From the hypothetical distribution, for each 𝑥𝑗 ,determine the theoretical cumulative distribution

function 𝐹 𝑥 and compute the absolute value of the difference 𝐹𝑛 𝑥 − 𝐹 𝑥 between the empirical
and theoretical cumulative distribution functions.

➢ Compute the statistic: 𝐷 = sup ∣ 𝐹𝑛 𝑥 − 𝐹 𝑥 ∣ and 𝜆 = 𝐷 𝑛.

➢ Read the critical Kolmogorov value 𝜆𝛼 from the tables and compare it with the empirical value 𝜆. If 𝜆
≥ 𝜆𝛼 ,the hypothesis 𝐻0 should be rejected.



Kolmogorov-Smironov test 

Model: Two general populations have distributions with continuous cumulative distribution

functions 𝐹1(𝑥) and 𝐹2(𝑥). Two large independent samples with sizes 𝑛1 and 𝑛2 are drawn from

each population. Based on the results of these samples, the hypothesis that both samples come

from the same population, i.e., 𝐻0: 𝐹1(𝑥) = 𝐹2(𝑥), should be tested.

➢ Group the sample results into narrow intervals with the same endpoints 𝑥𝑗.

➢ For each 𝑥𝑗, calculate the empirical cumulative distribution functions 𝐹𝑛1(𝑥) =
𝑛1,𝑠𝑘

𝑛1
and 𝐹𝑛2(𝑥)

=
𝑛2,𝑠𝑘

𝑛2
(𝑛1,𝑠𝑘, 𝑛2,𝑠𝑘 are the cumulative frequencies up to 𝑥𝑗 in both samples).

➢ Calculate the value of the statistic: 𝐷∗ = sup ∣ 𝐹𝑛1(𝑥) − 𝐹𝑛2(𝑥) ∣ and 𝜆 = 𝐷∗ 𝑛, where 𝑛

=
𝑛1𝑛2

𝑛1+𝑛2
.

➢ Read the Kolmogorov critical value 𝜆𝛼 from tables and compare it with the empirical value 𝜆.

If 𝜆 ≥ 𝜆𝛼, the hypothesis 𝐻0 should be rejected.



Signs Test

Model: The data are two general populations with continuous cumulative distribution
functions 𝐹1 𝑥 and 𝐹2 𝑥 .From these populations, an equal number of pairs of corresponding
elements (𝑛) is drawn independently. Based on the results of these samples, the hypothesis that both
samples come from the same population, i.e., 𝐻0: 𝐹1 𝑥 = 𝐹2 𝑥 ,should be tested.

➢ Examine the sign of the difference in pairs of values from these samples and find the number of
signs, whichever is fewer; denote this number as 𝑟.

➢ From the sign distribution table, read for significance level 𝛼 the number of result pairs 𝑟𝛼 and
compare it with the obtained number of signs 𝑟.

➢ If 𝑟 ≤ 𝑟𝛼 ,reject 𝐻0.



Example

Before 52 220 125 84 150 92 94 125 78 265 187 113 63 146

After 68 242 120 107 159 80 115 162 90 241 197 101 85 180

To determine whether vocational training increases employee productivity, a sample of
𝑛 = 14 employees was randomly selected from a certain plant, and their average work
productivity before and after the training was examined. The results (as the number of pieces
produced per hour) were obtained:

Using the sign test at the significance level 𝛼 = 0.1, verify the hypothesis that work productivity
before and after the training is the same.



Example

Before 320 200 340 240 200 300 240 290 180 210 250 300 180 270 290 200 280 190 220 290

After 270 180 260 250 150 260 200 310 150 220 270 260 200 240 250 160 210 160 170 220

We want to check whether a certain drug lowers blood pressure in patients with hypertension.
We randomly selected 20 patients and measured their blood pressure before and after administration
of the drug. At the significance level 𝛼 = 0.05, using the sign test, verify the hypothesis that the blood
pressure of the patients is the same before and after administration of the drug.



Distribution of the number of signs



Series tests
Model I: Given is a general population with any distribution. A sample of 𝑛 elements is taken from 
the population. Check the hypothesis that this is a random sample.

➢ From the sequence of results of the sample, sorted by the order of drawing, calculate the 
median.

➢ Assign to each sample result 𝑥𝑖 the symbol 𝑎 if 𝑥𝑖 < 𝑀𝑒 or 𝑏 if 𝑥𝑖 > 𝑀𝑒( results equal to the 
median can be omitted).

➢ Obtain a sequence consisting of symbols 𝑎 and 𝑏 (e.g., aabbbbababb) with a certain number
of runs 𝑘 (here 𝑘 = 6 runs) and numbers of 𝑎 and 𝑏 elements 𝑛1 and 𝑛2.

➢ From the runs distribution tables, read two critical values 𝑘1 and 𝑘2( 𝑘1 for
𝛼

2
,𝑘2 for 1 −

𝛼

2
.)

➢ Compare 𝑘 with 𝑘1 and 𝑘2 .If either inequality 𝑘 ≤ 𝑘1 or 𝑘 ≥ 𝑘2 is satisfied, reject 𝐻0.



Example

➢ A certain machine turns rolls of a specific diameter. 16 pieces were successively
sampled for technical inspection and the following diameter measurement
results were obtained (in mm): 8.8; 9.2; 10.1; 10.0; 9.7; 10.6; 11.8; 10.5; 12.1;
11.5; 9.9; 12.6; 12.4; 12.8; 13.0; 12.7. At the significance level α = 0.1, verify the
hypothesis that the sample selection was random.

➢ In order to estimate the average number of residents of blocks of flats on a
certain street, 17 blocks of flats were selected for the sample and the following
numbers of residents were obtained: 143, 136, 140, 132, 120, 115, 108, 102,
105, 95, 90, 86, 84, 79, 75, 71, 67. At the significance level of 0.1, verify the
hypothesis that the selection of blocks for the sample was random.



z

Series Distribution Tables



Series tests
Model II: There are two general populations with arbitrary distributions of the studied
characteristic. Two samples with sizes 𝑛1 and 𝑛2 are drawn from the population. You should test
the hypothesis that the distributions of both samples do not differ (𝐻0 :both samples come from
one population).

➢ Arrange the results of both samples into one sequence of ascending values.

➢ Mark elements from one sample as 𝑎, from the other as 𝑏.

➢ Obtain a sequence made up of symbols 𝑎 and 𝑏 (e.g., aabbbbababb) with a certain number of
runs 𝑘 (here 𝑘 = 6 runs) and numbers of 𝑎 and 𝑏 elements (𝑛1 and 𝑛2 ).

➢ From the runs distribution tables, read the critical value 𝑘𝛼.

➢ Compare 𝑘 with 𝑘𝛼( left-sided critical region). If the inequality 𝑘 ≤ 𝑘𝛼 holds, reject 𝐻0.



Example

➢ A sample of 6 children from two classes was drawn. For children from class A,
the intelligence test results were: 110, 112, 115, 98, 130, 123. For children from
class B: 88, 135, 140, 138, 95, 125. Using the runs test, verify the hypothesis that
both samples come from a population with a specific distribution of intelligence
quotient (𝛼 = 0.05).

➢ A quiz was conducted in two groups of students. For sample A, the results were:
4, 3, 5, 2, 4, 6, 4, 5; for sample B, the results were: 1, 10, 8, 9, 9, 10, 8, 7. At the
significance level of 0.05, use the runs test to verify the hypothesis that the
distribution of results is the same for both groups.
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