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Solving linear programming problems using the simplex
method

Solve the linear programming problem using the simplex method

FC:30x; + 20x, — max

2xy + x5, = 1000
Wo:{3x; + 3x, = 2400
1,5xy = 600



Task 3.1

Model Base
Character
FC - 301 + 20X2+ Ox3+ 0x4 + Ox 5N Max
* FCispat 00 @ max WO:
* WO:
¢ 2x1+,,.1000 2x1+,,+x3.1000
* 33X, +3x,< 2400 3X1 + 50+ 4. 2400
* 1.5x1 < ¢y
* WB:x,,x,20 1.5x1 +x5 600
WB:Xx1:Xx520




Task 3.1

Simplex board model: | board

i
b
Cy/ Xy X X
X
X
X
from FC.:
Ci-Z,

o301 T oot 0x3+ 0x4+ 0x B max
WO:

2x1+ ,, +x3 .1000

3XT + 40t 4 - 2400

1.5x1 +x5_600
WB:Xx ;X520



Task 3.1

Simplex board model: | board

C,/ X, x1 x2 | x3 | x4 | x5 J WO:
0 x3 2x1+ ,+x3 1000
0 x4
T + g0+ 0 2400
0 | x5 1.5x1 +x5_600
from . FC: o
C.-7, WB:Xx ;X520




Task 3.1

Simplex board model: | board

C 30 20 0 0 0 b ot aox1 T oot 0X3+ 0x4+ 0x 0 max
Cp/ Xy x1 x2 x3 x4 X5 : WO:
0 x3 2 1 1 0 0 1000 X1+ +x3 1000
0 x4 3 3 0 1 0 2400
0 | x5 | 15| o | o | o | 1 | 600 3XT+ 51 % 4a - 2400
from i FC: 1.5x1 + x5 _600
C.-Z, WB:x ;:x520




Task 3.1

Simplex board model: | board

=0*2+0*3*0*1.5=0

C; 30 20 0 0 0 b
C,/ X, x1 x2 x3 x4 x5 J
0 x3 2 1 1 0 0 1000
0 x4 3 3 0 1 0 2400
0 x5 1.5 0 0 0 1 600
from 0 FC.:

Ci-Z;
From ,




Task 3.1

Simplex board model: | board

=0*2+0*3*0*1.5=0

C; 30 20 0 0 0 b
C,/ X, x1 x2 x3 x4 x5 J
0 x3 2 1 1 0 0 1000
0 x4 3 3 0 1 0 2400
0 x5 1.5 0 0 0 1 600
from 0 0 0 0 0 FC.:

Ci-Z;
From ,




Task 3.1

Simplex board model: | board

C 30 20 0 0 0 b
C,/ X, x1 X2 x3 x4 X5 J
0 x3 2 1 1 0 0 1000
0 x4 3 3 0 1 0 2400
0 X5 1.5 0 0 0 1 600
from 0 0 0 0 0 FC.:
Ci-Z, 30 20 0 0 0 0

We check the optimality criterion

In case of non-optimality, we exchange vectors in the simplex table base




o Task 3.1

Simplex board model: | board

We check the optimality criterion
In case of non-optimality, we exchange vectors in the simplex table base

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 X5 J
0 x3 2 1 1 0 0 1000
0 x4 3 3 0 1 0 2400
0 X5 1.5 0 0 0 1 600

0 0 0 0 0 FC:

Optimality criterion: (for maximization) the
solution is optimal

when the values of optimality indicators are
non-positive (0 and -)
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Task 3.1

Simplex board model: | board

!

C 30 20 0 0 0 b
Cp/ Xy x1 x2 x3 x4 x5 :
0 x3 1 1 0 0 1000
0 x4 3 0 1 0 2400
0 X5 0 0 0 1 600
from 0 0 0 0 FC:
Ci-Z, 20 0 0 0 0
MAX+
The base is entered | x
He leaves the base X <«

11



o Task 3.1

Simplex board model: | board

X2 x3 x4 x5 b ;
1 1 0 0 1000
3 0 1 0 2400

MAX+
The base is entered | x17
He leaves the base x5

Min quotient comes from the base

1000/2=500
2400/3=800
600/1.5=400 8 min

12



Task 3.1

Simplex board model: Il board

1,5 0 0 0 7 600 /(1.5)
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 x5 J
0 x3 0
0 x4 0
30 x1 1
from
Ci-Z,




Task 3.1

Simplex board model: Il board
1,5 0 0 0 1 600 /(1.5)

30 20 0 0 0

]
Cp/ Xy x1 x2 x3 x4 x5 b,
0 x3 0
0 x4 0
30 x1 1 0 0 0 2/3 400




Task 3.1

Simplex board model: Il board

3 3 0 7 0 2400
C 30 20 0 0 0 b +
C,/ Xy x1 X2 x3 x4 ) &) J
0 x3 0
0 x4 0 3 1200
30 x1 1 0 0 0 2/3 400 *(-3)
from
Ci-Z,




Task 3.1

Simplex board model: Il board

3 3 0 7 0 2400
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 ) & J
0 x3 0
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400
from
Ci-Z,

*(-3)

16



o Task 3.1

Simplex board model: Il board

2 1 7 0 0 1000
C 30 20 0 0 0 b N
C,/ Xy x1 X2 x3 x4 x5 J
0 x3 0 1
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400 *(-2)
from
Ci-Z,




Task 3.1

Simplex board model: Il board

2 17 7 0 0 71000
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 ) & J
0 x3 0 1 1 0 -4/3 200
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400
from
Ci-Z,

*(-2)

18



Task 3.1

Simplex board model: Il board

C 30 20 0 0 0 b
C,/ Xy x1 X2 X3 x4 ) &) J
0 x3 0 1 1 0 -4/3 200
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400
from 30

Ci-Z,

19



Task 3.1

Simplex board model: Il board

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 x5 J
0 x3 0 1 1 0 -4/3 200
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400
from 30 0 0 0 20 1200

Ci-Z,




Task 3.1

Simplex board model: Il board

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 x5 J
0 x3 0 1 1 0 -4/3 200
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400
from 30 0 0 0 20 1200

Ci-Z,




o Task 3.1

Simplex board model: Il board

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 x5 J
0 x3 0 1 1 0 -4/3 200
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400
from 30 0 0 0 20
Ci-Z, 0 20 0 0 -20 1200 -—




o Task 3.1

Simplex board model: Il board

C 30 20 0 0 0 b

c,/ X, x1 x2 x3 x4 x5 J
0 x3 0 1 1 0 -4/3 200
0 x4 0 3 0 1 -2 1200
30 x1 1 0 0 0 2/3 400

f _ 30 0 0 0 20 Optimality criterion: (for maximization) the

rorm | 12000 solution is optimal
Ci-Z; —\ when the values of optimality indicators are
non-positive (0 and -)

We check the optimality criterion
In case of non-optimality, we exchange vectors in the simplex table base



Task 3.1

Simplex board model: Il board

The base is entered

>

He leaves the base

X

MAX+

0 0 0 b
x3 x4 x5 J
1 0 -4/3 200
0 1 -2 1200
0 0 2/3 400
0 0 20 12000
0 0 -20

Min l

guotient

h

Min quotient enters the base:

24



o Task 3.1

Simplex board model: Il board

!

Min quotient enters the base:
200/1=2000 min Min

quotient
1200/3=400
40040

MAX+

The base is entered | x2
He leaves the base x3




Task 3.1

Simplex board model: Il board

o [ 1] 1 0 | -43 ] 200
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 x5 J
20 x2 1
0 x4 0
30 x1 0
from
Ci-Z,

26



Task 3.1

Simplex board model: Il board

o [ 1] 1 0 | -43 ] 200
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 ) & J
20 X2 0 1 1 0 -4/3 200
0 x4 0
30 x1 0
from
Ci-Z,

/(1)

27



Task 3.1

Simplex board model: Il board

o | 3] o 1 -2 | 1200 |
C; 30 20 0 0 0 b

Cp/ Xy x1 x2 x3 x4 X5 :
20 x2 0 1 1 0 -4/3 200 *(x)
0 x4 0 0 -3 1 2 600
30 x1 0

from

Ci-Z,




Task 3.1

Simplex board model: Il board

o | 3| o 1 -2 1200 | «
C 30 | 20 0 0 0 . N
Cp/ Xy x1 x2 x3 x4 X5 :
20 | x2 0 1 1 0 | -4/3 | 200 *(-3)
0 x4 0 0 -3 1 2 600
30 | x1 0




Task 3.1

Simplex board model: Il board
1| o] o 0 | 23| 400 | ——

30 20 0 0 0

c b/Ix o x1 | x2 | x3 | x4 | x5 b,
20 x2 0 1 1 0 -4/3 200 *(x)
0 x4 0 0 -3 1 2 600
30 x1 0




Task 3.1

Simplex board model: Il board

1| o] o o | 23 | 400
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 ) &) J
20 x2 0 1 1 0 -4/3 200
0 x4 0 0 -3 1 2 600
30 x1 1 0 0 0 2/3 400
from
Ci-Z,

*(0)

31



o Task 3.1

Simplex board model: Il board

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 X5 J
20 X2 0 1 1 0 -4/3 200
0 x4 0 0 -3 1 2 600
30 x1 1 0 0 0 2/3 400
from 30 20 20 0 -20/3

16000
c-z, I

We check the optimality criterion
In case of non-optimality, we exchange vectors in the simplex table base

Optimality criterion: (for maximization) the
solution is optimal

when the values of optimality indicators are
non-positive (0 and -)

32



o Task 3.1

Simplex board model: lll board

. 30 [ 20 ] o] o A
c,/ Xy x1 x2 x3 x4 )
20 x2 0 1 1 0 200
0 x4 0 0 -3 1 600
30 x1 1 0 0 0 400
from 30 20 20 0
16000
C,-z, 0 | o | 20| o
MAX+
The base is entered | x 'V””t_ t
He leaves the base X L

Min quotient enters the base:

33



o Task 3.1

Simplex board model: Il board

MAX+

The base is entered | x5
He leaves the base x4

Min quotient enters the base:
200/(-4/3)=-150

600/2=300 § min non-negativeMin
400/ 2/3 = 600 quotient

34



Task 3.1

Simplex board model: IV board

C; 30 20 0 0 0
Cy/ Xy x1 X2 x3 x4 x5
20 X2 0
0 x5 1
30 x1 0
from
Ci-Z,

35



Task 3.1

Simplex board model: IV board

0 0 -3 1 2 600
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 ) & J
20 X2 0
0 X5 1
30 x1 0
from
Ci-Z,

/(2)

36



Task 3.1

[} W A PR, |

Simplex board mod-",

1

0 | -43| 200
1

0 0 -3 | 2 | 600
C, 30 20 0 0 0 b
Cp/ Xy x1 x2 x3 x4 x5 :
20 x2 0
0 x5 0 0 -3/2 | 2 1 300
30 x1 0
from
Ci-Z,

/(2)

37



Task 3.1

Simplex board model: IV board

| o | 1 1 | o | -43]| 200
c, 30 | 20| 0 | 0 | 0 .
C,/ X, x1 x2 x3 x4 x5 J
20 | x2 0
0 | x5 | 0 | 0 |-32| % | 1 | 300
30 | x1 0

*(4/3)

38



Task 3.1

Simplex board model: IV board

| o | 1 1 o0 | 43| 200 |
C; 30 20 0 0 0 b s

C,/ Xy x1 X2 x3 x4 x5 J
20 x2 0 1 -1 2/3 0 600
0 x5 0 0 -3/2 V2 1 300 *(4/3)
30 x1 0

from

Ci-Z;




Task 3.1

Simplex board model: IV board

1 0 0 0 2/3 400
C 30 20 0 0 0 b
C,/ X, x1 x2 x3 x4 x5 J
20 X2 0 1 -1 2/3 0 600
0 x5 0 0 -3/2 Va 1 300
30 x1 0

*(-2/3)

40



Task 3.1

Simplex board model: IV board

1 0 0 0 2/3 400
C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 ) & J
20 X2 0 1 -1 2/3 0 600
0 x5 0 0 -3/2 Va 1 300
30 x1 1 0 1 -1/3 0 200
from
Ci-Z,

*(-2/3)

41



Task 3.1

Simplex board model: IV board

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 x5 J
20 X2 0 1 -1 2/3 0 600
0 x5 0 0 -3/2 Va 1 300
30 x1 1 0 1 -1/3 0 200
::rio_rr; il 30 20 10 10/3 0 18000

42



o Task 3.1

Simplex board model: IV board

C 30 20 0 0 0 b
C,/ Xy x1 X2 x3 x4 X5 J
20 X2 0 1 -1 2/3 0 600
0 ) &) 0 0 -3/2 Va 1 300
30 x1 1 0 1 -1/3 0 200

from 30 20 10 10/3 0

18000
c-z, I

We check the optimality criterion
In case of non-optimality, we exchange vectors in the simplex table base

Optimality criterion: (for maximization) the
solution is optimal

when the values of optimality indicators are
non-positive (0 and -)

43



o Task 3.1

Simplex board model: IV board

C, 30 | 20 | 0 0 0 ; , ,

Colx: 1 X2 X3 x4 %5 j Optimal solution:
20 0 1 | -1 | 23| o X1 = 50
0 x5 0 0 | -32 | % 1 300 X2 = 600
30 1 0 1 -1/3 0 FC=18000

from . 30 20 10 10/3 0 Optimality criterion: (for maximization) the

- hen the valuce s
Ci-Z; when the values of optimality indicators are

T non-positive (0 and -)

We check the optimality criterion
In case of non-optimality, we exchange vectors in the simplex table base



N
x

o Task 2.1 (graphic method)

4. We determine the ZRD (set of feasible solutions)

3. We draw

1400

1200

1000

E

800

600

400

200

=2 >

O

100

200

300

400

x1

500

5. We look for the coordinates of the points and substitute

them into FC

600

700

800

900

A(0,0) F(A) =

B(400,0) F(B)=1200

C(400,200) F(C)= (intersection of 2 lines) =1600
D(200,600) F(D)=1800

( (

E(0,800) F(E)= (intersection of 2 lines) =1600

B)

6. Optimal solution:
x1_.200x2 =
FC =18000

45



Task 3.2

3.2. RozwiaZ zagadnienie programowania liniowego metodg simpleks
FC:2x; + 3x, - min

3x; +2x, = 6

WD:{ X, <7

46



Task 3.2

Model

* FC: 1 +3, @ min
* WO:
* 3x1+,,,26
* X7
* WB:x,,x,20

Base
Character

FC: 2x 143X, + .. 1 min
WO:
X1+, ..= 6

X1 ..=7
WB:x1:x,20

47



Task 3.2

Model Base
Character

FC .oyt 301 0x3+ 0x4+ Ms ;B min
* FC: 1 +3, @ min ,
. WO, WO:

* 3x1+,,26 3XT + 5,9 X3 +ts, =6

* X,<7 +
* WB:x,,x,20 d X4/
WB:x1:x,20




Task 3.2

Simplex board model: | board

C, b,
C,/ Xy
x4
from FC.:
Ci-Z;

FC .ot 301 0x3+ 0x4+ Ms ;H min
WO:
31 +,, X3 +ts, =0
X1 +x4 _7
WB:x;:x,20

49



Task 3.2

Simplex board model: | board

c 2 [3]ofo[m]
Cp/ Xy x1 x2 x3 x4 S :

M | s, | 3 2 | 1] o 1 6

0 x4 1 0 0 1 0 7
from 3M 2M -M 0 M FC:
C.-Z 2-3M | 3-2M | M 0 0 6M

FC.pqt g0t 0x3+ 0x4+ Ms E min
WO:
3XT + 5,9 X3 +S, =06
X1 +x4 _7
WB:x;:x,20

50



o Task 3.2

Simplex board model: | board

c 2 [3 oo [m]
c,/ X, x1 x2 x3 x4 S 4 )
M | s, | 3 2 | 1] o 1 6
0 x4 1 0 0 1 0 7
from 3M | 2M -M 0 M FC.:
C,-Z

Optimality criterion: (for minimization) the
solution is optimal

when the values of optimality indicators are
non-negative (0 and +)

51



o Task 3.2

Simplex board model: | board

MIN

Min quotient enters the base:

52



o Task 3.2

Simplex board model: | board

MIN

Min quotient enters the base:
6/3=2 0 min non-negative
7/1=7

53



o Task 3.2

Simplex board model: | board

Simplex board model: Il board

c, 2 | 3] 0] 0 | M+
C,/ Xy x1 x2 x3 x4 S 4
2 x1 1 2/3 | -1/3 0 1/3
0 x4 0 -2/3 | 1/3 1 -1/3

from

/(3)

(Step 1 - we determine the values
for the first row of the new
simplex table)

*(-1)

(Step 2 - we determine the
values for the second and n-
th row of the new simplex
table)

54




o Task 3.2

Simplex board model: Il board

c, 2 [3]0]o0 M|
C,/ X, x1 x2 x3 x4 S 4 :
2 1 2/3 | -1/3 0 1/3
0 0 -2/3 | 1/3 1 -1/3
from 2 4/3 | -2/3 0 2/3 FC:
Ci-2, 0 | 53| 23| 0o |[m23

Optimal solution:

x1=,
X2 =,

FC

4

55



Task 3.3

3.3. Rozwigz zagadnienie programowania liniowego metoda simpleks

FC:24x, + 36x, + 12x; — max

2xy + 6x; +4xy = 200
<

wo: {4_1:1 + 2%, + 2%, < 100



Task 3.3

Model

* FCl ot 36 @ mMax
* WO:
* 2x1,6X2 + 5,35 500
o Ax1,2X2+, < 100
* WB:x,,x,20

Base
Character

FC: 24x ,+36x,12x 4+.. 0 max
WO:

2X1 L 6X2 + 45t = o

AX 1+ 2X 5+ 2X 4+ ... =100
WB:Xx1:Xx520

57



Task 3.3

Model

* FCloat 36 @ mMax
* WO:
* 2x1,6X2 + 5,35 500
o Ax1,2X2+, < 100
* WB:x,,x,20

Base
Character

FC: 24x ,+36x 5+ 12X 5 0x ,+0x sl max

WO:

2x1 + 6Xx?2 T 4x3 T x4 =200

XTI+ 90t 9
WB:Xx1:Xx520

+ .- =100

58



Task 3.3

Simplex board model: | board

¢ 24 (36 [12] 00
Cu/ X4 x1 x2 x3 x4 x5 :
0 x4 2 6 4 1 0 200
0 x5 4 2 2 0 1 100
from 0 0 0 0 0 FC:
C.,-Z, 24 36 12 0 0 0

FC: 24x ;436X ,+ 0x ,+0x - 0 max
WO:
2%+ ot gt =200
AXT + gyt 0ys 45 =100

WB:x1:x520

59



o~ Task 3.3

Simplex board model: | board

c 24 [36 120 ] o0
Cu/ X4 x1 x2 x3 x4 x5 :
0 x4 2 6 4 1 0 200
0 X5 4 2 2 0 1 100
from 0 0 0 0 0 FC: Optimality criterion: (for maximization) the
| ' solution is optimal
Ci-Z; when the values of optimality indicators are

non-positive (0 and -)



o~ Task 3.3

Simplex board model: | board

}

MAX+

Min quotient enters the base:

61



o~ Task 3.3

Simplex board model: | board

!

MAX+

Min quotient enters the base:
200/6=33.3
100/2=50

62



o~ Task 3.3

Simplex board model: Il board

/(6) (1 step)

c. 24 |36 | 12| 0 | O
Cy/ Xy x1 X2 x3 x4 x5

36 X2 1/3 1 2/3 1/6 0

0 x5 0 1
from

A

*(-2) (2 step)

63



. Task 3.3

Simplex board model: Il board

/(6) (1 step)
+
C 24 136 |12 | O 0 o
C,/ Xy x1 x2 | x3 | x4 | x5 .
36 x2 1/3 1 2/3 | 1/6 0 100/3 |~ *(-2) (2step)
0 x5 | 10/3 0 2/3 | -2/6 1 100/3
from 12 36 24 6 0 FC.:
1200




o~ Task 3.3

Simplex board model: Il board

Min quotient enters the base:

100/3/1/3:1001 —  MAX4
100/3/10/3=10

c, 24 [36 [12] 0] 0] .
C,/ Xy x1 x2 | x3 | x4 | x5 .
X
X
from

oz, L




o~ Task 3.3

Simplex board model: Il board

c, 24 [36 [12] 0] 0] .
C,/ X, x1 x2 | x3 | x4 | x5 .
36 X2 0

24 x1 1

from FC.:
C,-Z,

L

(1

step

(10

/3)
)

*(??) (2 step)
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. Task 3.3

Simplex board model: Il board

/(10/3)
(1 step)
+
C 24 136 [ 12 | 0 0 o
C,/ X, x1 x2 | x3 | x4 | x5 .
36 X2 0 1 3/5 15 | -1/10 30 | *(-1/3) (2 step)
24 | x1 1 0 1/5 | -1/10 | 3/10 10
from FC.:
Ci-Z; 1320




o~ Task 3.3

Simplex board model: Il board

C. 24 | 36 | 12 0 0 . Optimal solution:
C,/ X, x1 x2 x3 x4 x5 : x1l=,,
36 0 1 | 35 | 1/5 |-1/10 X2 = 5,
24 1 0 15 | -1/10 | 3/10 FC=1320
from FC.:




Homework (Group 2)

3.4. Solve the linear programming problem using the simplex method
FC:12x, + 18x, —» min

(6xy + 3x; = 120
{ X; + 3x; = 60



Homework (Group 1)

3.5. Solve the linear programming problem using the simplex method
FC: —xy + 3x, — 2Xx3 = max

3X1 —Xo+2X; =7
Wao: —2Xy + 4x, <12
—4x; + 3x, +8x3 = 10

70



Additional task (Group 2)

Solve the following linear programming problem using the simplex algorithm:

Objective function: FC = x; + 2x, + x3 = min

( X1+XZ_X3:4‘6

X1+3.X'2+3X3 > 100
—2X2+X3S36
x120, XzZO, X320

Subiject to:<

\



Additional task (Group 1)

Solve the following linear programming problem using the simplex algorithm:

Objective function: FC = 2x; — 3x, + x3 — max

( X1 — 2Xy +2x3 <5

X, +3x3 =3
xl‘l‘xz_sz:ZO
\leO, XZZO, X320

Subject to:4




Sources:

* Materials from the subject posted on the eNauczanie website : Z. Kedra

e Z.Jedrzejczyk, J. Skrzypek, K. Kukuta, A. Walkosz : Operational research in
examples and tasks. PWN. Warsaw, 1996

* M. Glinka: Elements of operational research in transport. Radom University of
Technology Publishing House. Radom, 2009

* Other books and textbooks on Operational Research available in the PG Library



